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Abstract
We present a result on entire exponential type almost-periodic functions
that settles the exact number of their zeros in an arbitrary rectangle of the
critical strip where are situated all the zeros with an error of ±2.
Introduction
•We say that an exponential polynomial is a function of the form
Pn(z) = a1e
iλ1z + · · · + ane
iλnz, with λi ∈ R, ai ∈ C, ∀i : 1 ≤ i ≤ n.
We can assume, without loss of generality, aj 6= 0 ∀j : 1 ≤ j ≤ n and
λi 6= λj ∀i 6= j. Moreover, we suppose λ1 < λ2 < · · · < λn.
•Naturally, Pn(z) is entire of order 1 for all n ≥ 2.
•Moreover,
|Pn(z)| ≤ n |aˆ| e
|λˆ||z|,
where λˆ such that |λˆ| = max{|λk|, k = 1 . . . n} and aˆ such that
|aˆ| = max{|ak|, k = 1 . . . n}, therefore Pn(z) is exponential type σ = |λˆ|.
•We consider that an analytic function f (z) in a strip α ≤ y ≤ β (y = Im z)
is said to be almost periodic function in this strip if for any ² there exists a
length l = l(²) such that every interval a < t < a + l of length l on the real
axis contains at least one translation number τ = τ (²) associated with ²,
i.e., a number τ satisfying the inequality
|f (z + τ )− f (z)| < ² for α ≤ y ≤ β.
•The class of almost periodic functions is the uniform closure of the class
of exponential polynomials.
Functions of class A
An entire function f with zeros {ak} satisfying
∞∑
n=1
∣∣∣∣∣Im
(
1
zn
)∣∣∣∣∣ <∞,
is called a function of class A. That is, the class of those entire functions
that have “almost all” the zeros in a “neighbourhood” of the real axis.
Remark 1 The exponential polynomials Pn(z) are of class A.
Remark 2 The entire exponential type almost periodic functions are of class A.
The zeros of the exponential polynomials
We state the followings results related with the zeros of the exponential
polynomials
Theorem 3 Let NPn(r) be the number of zeros of Pn(z) in |z| < r. Then the
density associated to the function Pn(z),
∆Pn ≡ l´ımr→∞
NPn(r)
r
there exists.
Theorem 4 All the roots of Pn(z) are situated in some strip parallel to the real
axis.
We will call critical strip to the strip where the zeros of Pn(z) are situated.
Theorem 5 The number of zeros NPn(−T, T ) of the function Pn(z) in the critical
strip with −T ≤ Re z ≤ T satisfies the formula
l´ım
T→∞
NPn(−T, T )
T
=
λn − λ1
pi
.
Moreover, if ai is real ∀i : 1 ≤ i ≤ n, the number of zeros NPn(0, T ) of the
function Pn(z) in the critical strip with 0 ≤ Re z ≤ T satisfies the formula
l´ım
T→∞
NPn(0, T )
T
=
λn − λ1
2pi
.
The zeros of the exponential polynomials from the
argument principle
Let rn, sn, with rn < sn, be real numbers such that all the zeros of Pn(z) are
in the horizontal strip limited by the straight lines
Im z = rn, Im z = sn.
Supposing the real part of Pn(z) has no zero on the vertical line x = T1, for
some T1 > 0, we have the following result:
Theorem 6 There exists a positive real number l such that each interval
(pl, (p + 1)l), p ∈ Z, pl ≥ T1, contains an interval Ip such that for any T2 ∈ Ip
with T2 − T1 ≥
2pi
λn − λ1
, the number of zeros of Pn(z) = a1eiλ1z + · · · + aneiλnz in
the interior of the rectangle Rn,T1,T2, defined by the lines y = rn, y = sn and
x = T1, x = T2, is given by the formula
Nn(T1, T2) =
[
(λn − λ1)(T2 − T1)
2pi
+ Ωn
]
,with |Ωn| <
{
3/2 if ai ∈ R
2 otherwise.
Generalization to the almost periodic functions
•We suppose that f (z) is an almost periodic function of exponential type.
•We recall that for a given almost-periodic function there exists a mean
defined by
M {f} ≡ l´ım
T→∞
1
2T
∫ T+α
−T+α
f (t)dt,
where the convergence is uniform relative to α, and Fourier coefficients
given by
a(λ) ≡M
{
f (x)e−iλx
}
that differ from zero only for a countable set of values of λ. This set of real
numbers
λ1, λ2, ..., λm, ...
is called the spectrum of f .
•We also suppose that f (z) is an entire function with all the roots situated
in some strip parallel to the real axis. Let r, s, with r < s, be real numbers
such that all the zeros of f (z) are in the horizontal strip limited by the
straight lines
Im z = rn, Im z = sn.
This condition is equivalent to that the upper and lower bounds of the
spectrum enter into the spectrum.
Supposing the real part of f (z) has no zero on the vertical line x = T1, for
some T1 > 0, we have the main result:
Theorem 7 Let f (z) be an almost periodic function of exponential type with
associated spectrum {λ1, λ2, . . . , λk, . . .}, with the previous considerations it
exists a real number l > 0 such that each interval (pl, (p + 1)l), p ∈ Z, with
pl ≥ T1, contains an interval Ip such that for any T2 ∈ Ip with T2−T1 ≥ 2piλmax−λmin,
the number of zeros of f (z) in the interior of the rectangle RT1,T2, defined by the
lines y = r, y = s and x = T1, x = T2, is given by the formula
N(T1, T2) =
[
(λmax − λmin)(T2 − T1)
2pi
+ Ω
]
,with |Ω| < 2,
where λmax = max{λi : i = 1, 2, . . .}, λmin = min{λi : i = 1, 2, . . .}.
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